In this paper, we propose a framework for parallel trajectory-based metaheuristics. In our framework, multiple processes search the solution space concurrently and send their best found solutions to each other on a distributed topology. More importantly, instead of restarting from the received solutions or executing path-relinking on them (which are commonly seen in other parallel trajectory-based metaheuristics), each process in our framework continues searching from its current solution, but its search direction has bias toward the the received solutions. In such a way, historical information of each process is used efficiently. To illustrate the effectiveness of our framework, we design a parallel variant of Guided Local Search (GLS), a classical trajectory-based metaheuristic. Extensive experiments have been conducted on the Tianhe-2 supercomputer to test the performance of the designed parallel GLS algorithm. Based on the experimental results, we conclude that the proposed parallel framework is effective and comparable to other widely-used parallel frameworks. Our work represents a new direction to design parallel trajectory-based metaheuristics.
Introduction
Metaheuristics are often used to find nearly optimal solutions of hard optimization problems with a reasonable amount of time. There are two main categories of metaheuristics [1, 2] : trajectory-based metaheuristics and population-based ones. A trajectory-based metaheuristic iteratively improves a single solution and forms a search trajectory in the solution space. Most trajectory-based metaheuristics are based on Local Search (LS) and they employ different strategies to escape from local optima in order to explore the solution space. Examples of trajectory-based metaheuristics include Simulated Annealing (SA) [3] , Tabu Search (TS) [4] and Guided Local Search (GLS) [5, 6] . In population-based metaheuristics, a population of solutions is processed by several operators at each iteration (generation). The members of the population are replaced by new ones so that the solution space can be explored. Genetic Algorithms (GA) [7] , Ant Colony Optimization (ACO) [8] , Artificial Bee Colony (ABC) [9] and Particle Swarm Optimization (PSO) [10] are widely-used population-based metaheuristics.
With the increasing popularity of multi-processor and multi-core platforms, parallelism has become ubiquitous in today's computer technologies. Hence, parallel metaheuristics have attracted a lot of research effort. By now, most parallel metaheuristics are population-based metaheuristics. Not much effort has been done on parallel trajectory-based metaheuristics [11] . In this paper, we propose a parallel framework which can be used to design efficient parallel variants of traditional trajectory-based metaheuristics.
To design a parallel trajectory-based metaheuristic with multiple search processes, three issues must be addressed: (i) What information should be exchanged among different processes? (ii) How the processes exchange the information? (iii) How the processes utilize the received information? On the first issue, our framework selects the best found solutions as the information exchanged among different processes. On the second issue, our framework lets different processes only send solutions to their predefined neighbors in a distributed topology. The main contribution of this paper is reflected on how our framework deals with the third issue, i.e., how the processes utilize the received solutions. In the related works, after receiving a new solution, a process normally restarts from the received solution, or executes pathrelinking on its current solution and the received solution. In our framework, the process continues searching from its current solution, but its search direction will have bias toward the received solutions. In such a way, the historical information of each process is used efficiently.
Using the proposed framework, we have designed the Parallel Elite Biased Tabu Search (PEBTS) algorithm for the Unconstrained Binary Quadratic Programming (UBQP) problem and showed that the cooperation among the PEBTS processes can improve the overall efficiency [12] . In this paper, we use the proposed framework to design a parallel variant of GLS, called Parallel Elite Based GLS (PEBGLS). We also conduct extensive experiments to study the performance and behavior of PEBGLS using the symmetric Traveling Salesman Problem (TSP) as the test problem. We do not aim to obtain the best parallel metaheuristic for the TSP. Our objective is to illustrate the effectiveness of the proposed framework in designing efficient parallel variants of trajectory-based metaheuristics. We hope that our study can provide a new possible direction of designing and studying parallel trajectory-based metaheuristics.
This paper is structured as follows. Section 2 reviews some existing works related to the parallel trajectory-based metaheuristics. In Section 5 we describe the proposed parallel framework. Section 4 introduces the sequential GLS algorithm. Section 5 explains how we design the parallel variant of GLS, i.e. PEBGLS, based on the proposed framework. Section 6 gives experimental study. Section 7 concludes the paper.
Related Works
The existing parallelism strategies of trajectory-based metaheuristics fall in the following two categories.
• Low-level parallelism or acceleration strategy [13, 14] . This strategy aims at speeding up a sequential metaheuristic. It does not change the behavior of the original sequential metaheuristic. The implementations of this strategy usually use the master-slave topology. The master controls the main procedure, dispatching works to the slaves. The works can be evaluating moves, or evaluating partial solutions. After collecting and integrating the results returned by the slaves, the master proceeds the subsequent procedure.
• High-level parallelism or multiple search strategy [15, 16, 17] . In this strategy, multiple search processes are executed simultaneously. Each process makes a unique trajectory in the search space. The heuristic methods and initial solutions of the search processes can be same or different. They may run independently and communicate at the end to identify the best overall solution, or they may try to enhance the global search efficiency by exchanging information during the search. In the latter case, the behavior of the parallel metaheuristic is different from the corresponding sequential one.
Researchers in this field put more attention on the high-level parallelism strategy. A number of high-level parallel trajectory-based metaheuristics have been proposed for various problems. To design a high-level parallel trajectory-based metaheuristic, three issues must be addressed: (i) What is the information exchanged among different processes? (ii) How the processes exchange the information? (iii) How the processes utilize the received information? Based on the three issues, Table 2 summarizes the related works on parallel trajectory-based metaheuristics.
From Table 1 we can see that, the most common type of information exchanged among the parallel processes are solutions, which can be the best solutions found so far by the processes or some elite solutions stored in the memory. A few works employ other information types, e.g. the visiting frequency. From Table 1 we can also see that, in most of the works the communication methods are based on centralized topologies. In these works, either a master process is in charge of collecting and delivering information, or there is a central memory which can be accessed by all processes. In the former case, the computation load of the master process usually is not at the same level as the slave processes. The unbalanced computation load may make the parallel metaheuristic unable to fully exploit the computation power of multiple uniform processors. In the latter case, the communication load could be very big due to the exclusiveness of the write operations. Some other works apply distributed communication methods, in which each process only share information with a limited number of processes. If well designed, the distributed communication method can guarantee a balanced communication load and a reasonable communication load. Our proposed framework employs a distributed communication method.
In Table 1 , the information utilizing methods in many works are "restart". In this method, when a process receives a new solution, it abandons the current solution and restarts from the received one. As a consequence, the information of its own search is lost. Some works try to overcome this drawback by using path-relinking methods or other combination operators. In their methods, a new solution is generated based on the received solution and the current solution. But the current solution still is abandoned and the process jumps to the newly generated solution. In our parallel framework, we proposed a new method to utilize the received solutions. The process continues searching from the current solution, but its search direction is guided by the received high-quality solutions.
Proposed Parallel Framework
Due to the stochastic nature of the trajectory-based metaheuristics, the time to find a solution within a target value (e.g. the globally optimal value) is a random variable. Assuming that this random variable is exponentially distributed, then the following proposition exists [40, 28] : Proposition. Let P k (t) be the probability of not having found a target solution value in time t with k independent parallel search processes. If P 1 (t) = e −t/λ with λ ∈ R + (exponential distribution), then P k (t) = e −kt/λ . This proposition is derived from the property of the exponential distribution. The probability of a single search process finding a solution within a target solution value in time kt is 1 − e −kt/λ , which equals to the probability of k independent parallel search processes finding a solution with the same quality in time t. It implies that a linear speedup is possible to be achieved by parallel metaheuristics. Here the cooperation of search processes is not involved, so the speedup of the parallel metaheuristics can be further improved if the processes cooperate with each other. Of course, this is just a rough analysis of the speedup in parallel metaheuristics. But there is no doubt that parallelism can improve the effectiveness and robustness of metaheuristics.
In this paper we proposed a parallel framework to design parallel trajectory-based metaheuristics. In the proposed parallel framework, multiple processes shares their best found solutions with each other by a distributed communication method. More importantly, the proposed parallel framework employs a new method to utilize the information shared among processes. By using the proposed parallel framework, one can easily design effective parallel implementations of trajectory-based metaheuristics. The proposed parallel framework has been used successfully to design an parallel tabu search algorithm called PEBTS [12] .
Communication Method
The proposed parallel framework is based on a distributed topology. There is no master process or central memory. To reduce the communication load, each process only communicates with a limited number of processes, i.e., its neighbors. In this paper we consider 2 distributed topologies: the bidirectional ring topology and the torus topology. Both topologies support Fig. 1 illustrates the examples of these parallel topologies. In the bidirectional ring topology ( Fig. 1(a) ), each process has 2 neighbors. For example, the neighbors of process 1 are process 2 and process 8. In the torus topology ( Fig. 1(b) ), each process has 4 neighbors. For example, the neighbors of process 1 are process 2, process 5, process 4 and process 13. The communication load is a very important issue in a parallel metaheuristic. A rigidly synchronous communication strategy may cause heavy communication load and reduce the efficiency of the algorithm. In our proposed parallel framework, communications are based on message passing and the messages are solutions. For each search process, we denote s hb as the historical best solution found by itself and S r as the set of solutions received from its neighbors. Each member in S r corresponds to a neighbor and it always is the newest solution received from that neighbor. After a given period of time, each process checks whether s hb has changed since the previous sending. If so, it will send the new s hb to its neighbors. Meanwhile each process always prepares to receive new solutions and updates S r by the newly received solutions. Note that, although a process may receive better solutions from its neighbors, it still sends the best solution found by itself to its neighbors. This keeps the diversity of processes. When the target solution value is achieved by a process, this process will broadcast a stop message to all the other processes. We can see that, our proposed parallel framework does not require the processes to be synchronous. The communication only happens when a sending request occurs. It does not require the sender and the receiver to be in the same iteration. Hence in the proposed parallel framework, different search processes may have passed different iterations when the communication happens. This strategy is helpful to reduce the communication load among processes.
Information Utilizing Method
The parallel framework proposed in this paper is based on solution exchanging. Recall that, for a search process, s hb is the historical best solution found by itself and S r is the set of solutions received from its neighbors. We call the best solution in the set S r ∪ {s hb } as the elite solution s e . To utilize the information in s e , in our framework, the search direction of each process always have a bias toward s e . Hence we call our information utilizing method as the Elite-Biased method. Fig. 2 illustrates the sketch of the elite-biased method. For comparison, Fig. 2 also shows the independent case and the other 2 commonly used information utilizing methods: the restart method and the path-relinking method. In Fig. 2 , process A and process B start from differen solutions and performs different trajectories. The circles in Fig. 2 represent the solutions found by A and B in each move (iteration) and the arrows represent the search directions of A and B. In the last move, process A finds a high-quality solution (the red filled circle in Fig. 2 ) which is better than the current overall best solution. In the independent case ( Fig.  2(a) ), the trajectory of process B is not influenced by the new best solution found by process A, because there is no communication between A and B. In the restart method ( Fig. 2(b) ), after process A sends the newfound best solution to process B, process B restarts from the received solution. In the path-relinking method ( Fig. 2(c) ), process B constructs a new solution using the path-relinking operator based on the received solution and its current solution, then it proceeds the search from the resulting solution. In the elite-biased method ( Fig. 2(d) ) proposed by this paper, process B continues searching from its current solution, but the search direction is attracted by the newfound best solution of process A. Note here that, Fig. 2 only shows the sketches of the search processes, in fact the solution space of a combinatorial optimization problem is very complicated and hard to be visualized.
Compared to the restart method, the proposed elite-biased method does not give up the search region near to its current solution. Meanwhile its search direction leads it toward the regions near to the received solutions, hence the information of the received solutions is also utilized. If process B finds a better solution in the future, process A will be attracted by process B too. The elite-biased method can prevent the case when a deceptive highquality solution leads all processes to a less-promising region in the solution space. It also can maintain the diversity of processes.
Although the path-relinking method and the elite-biased method both let the current solution be "attracted" by the newfound best solution, they are different. In the path-relinking method, the path-relinking phase and the neighborhood descent phase are separated. The attraction of the newfound best solution only influences the path-relinking phase. In contrast, the elitebiased method integrates the attraction of the newfound best solution to the neighborhood decent search. As a consequence, the overall procedure is simplified, and both the external information (the newfound best solution) and the local information (the neighborhood of the current solution) are employed at the same time.
Pseudocode
In summary, the procedure of each process in the proposed parallel framework is shown in Algorithm 1. In Algorithm 1, the TryToReceive procedure always prepares to update the set S r if it receives new solutions from some neighbors. At the pre-defined time points (e.g. once in a while), the SelectBestSolution procedure selects the best one of the set S r ∪ {s hb } as s e , and the SendToNeighbors procedure sends s hb to all neighbors if s hb has changed since the previous sending. In the main procedure, i.e., the EliteBiasedSearch procedure, the original search procedure of the trajectorybased metaheuristic is combined with the elite-biased method. Through this setting, the process continues searching from its current solution s, but the search direction is attracted by the elite solution s e . This parallel framework can be applied to many trajectory-based metaheuristics. In the following of this paper, we use GLS to illustrate the application of our proposed parallel framework. GLS is a trajectory-based metaheuristic which has been successfully applied to many optimization problems [41, 42, 43, 44] . For the parallel variant of GLS, Tairan and Zhang [45] proposed an enhanced GLS algorithm called P-GLS-II. However Tairan first transforms GLS into a population-based metaheuristics, then run it in a parallel way. To our best knowledge, there is no parallel trajectorybased variant of GLS. Following the proposed parallel framework, we design a parallel variant of GLS, which is called Parallel Elite Biased GLS (PEBGLS). We use the symmetric TSP as the test problem to investigate the performance of PEBGLS. Our objective is not to obtain the best parallel metaheuristic for the TSP, but to illustrate the effectiveness of our parallel framework by showing the efficiency of PEBGLS.
Guided Local Search
GLS is a simple yet efficient trajectory-based metaheuristics for combinatorial optimization problems. It iteratively helps a LS procedure to escape from local optima by dynamically adjusting its guide function. We assume that there is a combinatorial optimization problem with solution space S and objective function g : S → R to minimize. To apply GLS on this problem, one first needs to define features for candidate solutions in S. Each feature has a fixed cost and a penalty. The cost is related to the objective function g(·). The penalty is set to 0 at the beginning and changes during the search. GLS does not use g(·), but the augmented objective function h(·) as the guide function of LS:
where s is a candidate solution, λ is a pre-defined parameter that controls the penalizing strength, M is the set of all features in the problem, p i is the current penalty value of feature i and function I i (s) is an indicator function of whether solution s has feature i:
In each iteration, GLS executes a LS using h(·) as the guide function. Once the LS stops at a local optimum s * , GLS adjusts h(·) by increasing the penalties of one or more selected features in s * . To do so, GLS defines the penalizing utility of each feature i, util i , as
where c i is the cost of feature i. GLS selects the features with the highest utility value, and increases their penalties by 1. Then a new iteration starts from s * . In (3), the numerator is the cost of feature, which means that features with higher costs are more likely to be penalized and thus low cost features are exploited. The denominator is the accumulated penalty of feature plus 1, which means that the features that has been rarely penalized before have a good chance to be penalized. In such a way, the search explores new regions of the search space. The pseudocode of GLS is shown in Algorithm 2. The inputs are the objective function g, the GLS parameter λ, the feature set M and the cost of each feature {c i |i ∈ M}.
In Algorithm 2, the LS procedure is based on h(·), so GLS needs to track the historical best solution s hb with regard to the original objective function g. After each move of LS, GLS checks whether the g value of the new solution is better than that of the recorded best solution, if so, the historical best solution s hb will be updated.
Parallelization
The penalties in GLS are always increased, so the search process of GLS does not converge. If we do not set a stopping criterion for GLS, it will execute forever. Usually the stopping criterion of GLS is a maximum runtime or a target solution cost. The time for GLS to find a solution within a target solution cost is a random variable. The variance of this random variable reflects the risk of not finding the target value in a reasonable time. Here we conduct a pilot experiment to observe the distribution of the time for GLS to find the global optima of TSP instance att532 in TSPLIB [46] . 1000
{s j+1 , s hb } ← LocalSearch(s j , s hb , h) 11: for i = 1 → |M| do 12:
end for 14: for each i such that util i is maximum do 15: independent runs of GLS are executed from different randomly generated solutions and stop only when the globally optimal cost is reached. The CDF of the recorded runtime is shown in Fig. 3 , in which an exponential distribution with mean value 507.36 also is illustrated. We can see that in this case the runtime of GLS approximately follows an exponential distribution. According to the proposition in Section , it is possible to achieve a linear speedup by running multiple GLS processes in parallel. In Figure , the standard deviation of the runtime of GLS is 430.45, which is relatively large. Hence running multiple independent GLS processes in parallel can reduce the risk of not finding the target value in a reasonable time. In this paper we will show that, by applying our proposed parallel framework, the efficiency of GLS can be further improved.
Changing the search direction of GLS
In the proposed parallel framework, for each process, an elite solution s e is selected from the set formed by the received solutions and the current historical best solution. Then the search direction of the process is attracted by s e . Hence to apply the proposed parallel framework to GLS, one must design a method to change the search direction of GLS.
GLS is a penalization based metaheuristic. It executes LS based on the function h(·) which is augmented by the penalties. Hence the descending nature of the LS will guide GLS to the solutions with less penalties. The proposed parallel variant of GLS aims to reduce the number of penalties imposed on features that belong to s e , and increase more penalties on the features not belong to s e . As a result, the search process will be orientated to the search regions near to s e . Meanwhile s e is continuously updated by the newfound better solutions of the search process and its neighbors, which can prevent the search process from stalling. To achieve this aim, we modify the formula of util, i.e. formula (3) . The new formula is:
where w > 1 is a pre-defined parameter. In (4), if a feature is not in s e , its penalizing utility will be multiplied by an extra coefficient w. Since w > 1, features not in s e will have relatively large util values, so they are more likely to be penalized compared to the features in s e . Hence the penalties on s e will become relatively small. Due to the descending nature of the LS, the search direction of GLS will be navigated to the region near to s e .
PEBGLS
The parallel variant of GLS we proposed is called PEBGLS, which applies the proposed parallel elite-biased framework. To our best knowledge, PEBGLS is the first multi-start parallel variant of GLS. Here we stipulate that every U iterations, each PEBGLS process selects the best one of the set S r ∪ {s hb } as s e , and sends its s hb to all neighbors if s hb has changed since the previous sending. U is a pre-defined parameter of PEBGLS. The detailed procedure of each PEBGLS process is shown in Algorithm 3. The inputs are: objective function g, the feature set M, the cost of each feature {c i |i ∈ M} and the user-defined parameters {λ, w, U}.
Experimental Studies
In the experimental studies, we test the performance of PEBGLS on the TSP. Our purpose is not to design a state-of-the-art TSP algorithm, but to use TSP to illustrate that our proposed parallel framework can truly speedup the trajectory-based metaheuristics and find even better solutions through the cooperation among different search processes. for i = 1 → |M| do 20: if feature i is in s e then 21:
end if 25: end for 26: for each i such that util i is maximum do 
Traveling Salesman Problem
In the TSP, G = (V, E) is a fully connected graph where V is its node set and E the edge set, c e > 0 is the cost of edge e ∈ E. A solution tour s in G is a cycle passing through every node in V exactly once and its cost is defined as:
Here g(·) is the objective function of the TSP and the goal of the TSP is to find a tour with the smallest g value. This paper considers the symmetric TSP, where the cost from node A to node B is the same as that from B to A. We denote the set of all the feasible tours in G as S, which is the solution space of the TSP. To apply GLS on the TSP, we define that the features are edges in G (i.e. feature set M = edge set E) and the features' costs are the costs of the corresponding edges. If a solution tour s contains the edge e i (i.e. the feature i), then I i (s) = 1, otherwise I i (s) = 0. The mainstream LS heuristics for TSP are 2-Opt heuristic [47] , 3-Opt heuristic [48] and Lin-Kernighan (LK) heuristic [49] . All of them are based on edge exchanging. At each step, 2-Opt heuristic ( Fig. 4(a) ) replaces 2 edges of the current solution by another 2 edges to get a better solution. For 3-Opt heuristic ( Fig. 4(b) ), the number of exchanged edges is 3. Compared to 2-Opt and 3-Opt, LK heuristic ( Fig.  4(c) ) is more sophisticated. For LK heuristic, the number of exchanged edges is variable.
Elite biased strategy in sequential GLS
We state that our elite-biased strategy is also useful in sequential algorithm. We support our statement by studying a modified sequential GLS algorithm: Elite Biased GLS (EBGLS). EBGLS can be seen as a special PEBGLS with only one search process. In the single search process of EBGLS, s e is only updated by s hb periodically. To verify whether EBGLS can enhance the performance of the original GLS, we conduct a performance comparison experiment. In this experiment, 10 symmetric TSP instances are chosen from TSPLIB. The globally optimal cost of those instances are known, hence we can calculate the excess of a given solution. The excess is defined by: excess = solution cost − globally optimal cost globally optimal cost × 100%.
On each test instance, 100 runs of GLS and 100 runs of EBGLS start from different randomly generated solutions. A max runtime is set for each run. For the instance with fewer than 10000 cities, the max runtime is 500s CPU time, and the max runtime is 1500s CPU time for the instance with more than 10000 cities. If the globally optimal cost is achieved, algorithms will terminate immediately. Both EBGLS and GLS are implemented in GNU C++ with O2 optimization. The computing platform is two 6-core 2.00GHz Intel Xeon E5-2620 CPUs under CentOS 6.4. For GLS, 2-Opt heuristic is selected as the LS method. We also use FLS strategy and Bentley's improvement [50] to enhance the efficiency of 2-Opt heuristic. Based on [51] , the coefficient λ is calculated by:
where s * ,1 is the first local optimum visited by GLS, N is the number of cities of the TSP instance. For EBGLS, all of the experiment settings regarding to GLS are the same as above. As to w, our pilot experiments show that EB-GLS is not very sensitive to w. So here we set w = 2. U (the updating cycle of s e ) is set to be 100. This means that s e is updated by s hb every 100 iterations.
We use 4 metrics to measure the performances of GLS and EBGLS. The first metric is the success run number, which is the number of runs that successfully achieved the globally optimal cost. The second metric is the average runtime, which is the average of the 100 runs' real runtimes. The third metric is the average excess, which is the average of the excesses of the 100 runs' historical best solutions. The fourth metric is the median excess, which is the median of the excesses of the 100 runs' historical best solutions. We also perform Mann-Whitney U-test for the excess data of the 2 algorithms. Table 2 shows the comparison results, in which bold font means the better metric value. The last column of Table 2 shows the P-values of the Mann-Whitney U-test, in which the null hypothesis is that the excess data of GLS and EBGLS are sampled from distributions with equal medians.
From Table 2 we can see that EBGLS shows better performance on the first 4 metrics. Besides, if we set the significance level to be 5%, then the Mann-Whitney U-test will reject the null hypothesis on all instances. Considering that EBGLS gets lower median excess on all instances, the Mann-Whitney U-test concludes that EBGLS performs better than GLS on all of the instances. The results of this experiment shows that, the proposed elite-biased method can improve the efficiency of GLS even if there is only one search process. In the following experiment studies, we will show that the proposed elite-biased framework can further enhance the performance of GLS when there are multiple search processes.
Speedup
The main purpose of applying parallel metaheuristics is to accelerate the algorithm, hence time is an important metric to measure the performance of parallel metaheuristics. Speedup is a widely used metric to compare the runtime of parallel algorithms against the runtime of sequential algorithms. Note that the runtime measured in parallel algorithms is wall-clock time.
There are different definitions of speedup, here we first measure the speedup of PEBGLS against EBGLS, which is denoted by S (1) K . In Section 6.2 we know that EBGLS is a special case of PEBGLS which only has one process. We denote T 1,1 as the runtime of EBGLS because it executes 1 process on 1 processor. Analogously, we denote T K,K as the runtime of Kprocess PEBGLS on K processors. Then S (1) K is calculated by:
where E[·] is the expectation function. The second speedup S
(2) K we measure is the orthodox speedup [52] . This metric is the ratio between the runtime of the parallel algorithm on one processor and the runtime of the same parallel algorithm on multiple processors. We denote T K,1 as the runtime of K-process PEBGLS on 1 processor. Then S (2) K is calculated by:
For the speedup metrics, if S K < K, we call it a sublinear speedup; if S K = K, we call it a linear speedup; if S K > K, we call it a superlinear speedup. Linear speedup and superlinear speedup are very desirable because they mean that parallelization does not cost extra overhead. The other widely used metrics is efficiency e K , it equals to S K /K. Obviously e K ≥ 1 is desirable.
An experiment is conducted on the Tianhe-2 supercomputer to measure the speedups S 
K values and the corresponding efficiency values are shown in Fig. 5. From Fig. 5 we can see that, both PEBGLS-t and PEBGLS-br achieves superlinear speedup when the process number is relatively small. When the process number becomes large, the growth of the speedup value slows down in both variants of PEBGLS. It is because that, no matter how powerful a search process is, it still needs some time to reach the target solution cost. When the process number becomes larger, the overall runtime is more closer to its minimum limitation and the communication among processes is increasing, so the effect of involving new processes becomes smaller. This phenomenon also appears in other related works [53, 54, 34, 55, 39, 56] . In Fig. 5 , PEBGLS-t achieves higher S (1) K value compared to PEBGLS-br, which means that having 4 communication neighbors is better than having 2 communication neighbors in this case. Note here that S (1) K is the speedup of PEBGLS against EBGLS, and EBGLS is shown to be better than GLS in Section 6.2. So in theory the speedup of PEBGLS against GLS will be higher than the values in Fig. 5 . Fig. 6 shows the second speedup metric: S
K and the corresponding efficiency values. In Fig. 6 we can see that, although there is no superlinear speedup, both variants of PEBGLS show relatively large speedup values. This reflects the effectiveness of running them on multiple processors. Different from Fig. 5 , in Fig. 6 the S K an algorithm is compared to itself. So there is no common comparison object between PEBGLS-br and PEBGLS-t.
The effectiveness of cooperation
In the proposed parallel framework, a new cooperative method called elite-biased method is used. To verify whether this cooperative method can improve the overall solution quality of parallel GLS, we conduct the following experiment. In this experiment PEBGLS-br and PEBGLS-t are compared with Parallel Independent EBGLS processes (P-I-EBGLS). In P-I-EBGLS, multiple EBGLS processes are executed simultaneously, but they do not share information with each other and s e is only updated by s hb every U iterations. P-I-EBGLS has one advantage: it does not have a communication load. Comparing the performance of cooperative PEBGLS with that of P-I-EBGLS can help us investigate whether involving the communication load of cooperation is worthy in the proposed parallel framework.
The platform of this experiment is Tianhe-2 supercomputer. We select TSP instances rl5915, pla7397 and rl11849 as the test instances. The maximum runtime on different instances are different: {rl5915: 119s, pla7397: 237s, rl11849: 371s}. For each algorithm, the process number K = 48 and U separately takes the values of {1, 500, 1000}. For each TSP instance and each U value, we execute each algorithm 50 runs. The other experiment settings K : the speedup of PEBGLS on multiple processors against itself on single processor are the same as the settings in Section 6.2. Fig. 7 shows the boxplot of the best excesses got by each algorithm.
From Fig. 7 we can see that, PEBGLS-br and PEBGLS-t both get lower excess values than P-I-EBGLS in most cases. Then we conduct the Mann-Whitney U-test on the best results got by the algorithms, the resulting Pvalues are shown in Table 3 . Based on Table 3 we can state that, with a 5% significance level, the excess data of PEBGLS-br and that of PEBGLS-t are better than that of P-I-EBGLS. We also can state that PEBGLS-t performs better than PEBGLS-br.
To test whether PEBGLS-t performs better than P-I-EBGLS on other TSP instances, we conduct another experiment in which the test instances are pr1002, pr2392, fnl4461, usa13509, brd14051 and d15112. We set U = 1 to exclude the influence of U. The other settings are the same as the settings in the previous experiment. The comparison results are shown in Table 4 . From the comparison results in Table 4 we can conclude that PEBGLSt outperforms P-I-EBGLS on 5 of the 6 test instances. On the instance usa13509, the Mann-Whitney U-test conclude that PEBGLS-t performs worse than P-I-EBGLS. But note that in this experiment U = 1. From Fig. 7 we know that PEBGLS performs better with relatively large U value. meanwhile the performance of P-I-EBGLS is not sensitive to U. So we set U = 1000 and execute another 50 runs of PEBGLS-t on usa13509, and we get a 0.0053 median excess, which is better than P-I-EBGLS's median excess in Table 4 (Mann-Whitney U test P-value = 1.6691e-13). Based on the above experimental studies we can state that, although PEBGLS-t has communication load, it out-performs P-I-EBGLS. This conclusion reflects the effectiveness of the proposed cooperative method. It has been shown that our parallel framework can further improve the performance of trajectory-based GLS compared to simply running multiple processes in parallel. 
Influence of communication frequency
Every U iterations, a PEBGLS process will send s hb to all neighbors if s hb has changed since the previous sending. Hence when the parameter U increases, the communication frequency will decrease. But the communication frequency is also influenced by the updating frequency of s hb , which is uncontrollable. From Fig. 7 we can see that when U increases to 1000, the performance of PEBGLS-br and PEBGLS-t does not become worse. Instead, in most cases their performance becomes better. In the experiment of Fig.  7 , we also count the actual communication times among processes. Fig. 8 shows the average communication times per 10,000 iterations. From Fig. 8 we can see that, the communication frequency is relatively low even when U = 1. When U = 500 and 1000, the communication frequency significantly decreases. But from Fig. 7 we know that the performance does not decreases when the communication frequency decreases. Hence we state that PEBGLS can work with a relatively low communication frequency (e.g. setting U to be hundreds of iterations).
Internal behavior of PEBGLS-t
The previous experiments show that PEBGLS-t performs better than P-I-EBGLS. In this section we study the cause of the superiority by tracking the internal behavior of PEBGLS-t and P-I-EBGLS. The experimental platform is a computer cluster formed by 8 computers, each computer contains an Average best excess (%) P-I-EBGLS PEBGLS-t Figure 9 : The average best excess versus the iteration number Intel Core2 Duo E8500 CPU. Hence this cluster contains 16 cores in total.
The operating system of each computer is ubuntu 15.04. Computers are connected by LAN. The test instance is att532.
In our experiment, we first randomly generate 16 × 1000 different initial solutions. Then 1000 runs of PEBGLS-t with 16 processes and 1000 runs of P-I-EBGLS with 16 processes are started from the generated solution set. Hence for each PEBGLS-t run, there is a P-I-EBGLS run starts from the same initial solutions. All the runs end when the globally optimal cost of att532 is reached. In the first 1000 iteration, the PEBGLS-t processes do not communicate with each other. The other experiment settings are the same as the settings in Section 6.2. In this experiment, the entire history of each process is recorded. Fig. 9 shows how the average best excess changes with the iteration number. We can see that, in the first 1000 iterations, the behavior of the PEBGLS-t processes is the same as that of P-I-EBGLS processes, because in the first 1000 iterations we let the PEBGLS-t processes do not communicate with each other. After the PEBGLS-t processes start communicate with each other, the average best excess of PEBGLS-t becomes smaller than that of P-I-EBGLS. It means that the communication among processes can truly improve the solution quality. GLS is based on penalization. At each iteration, each edge of att532 has a penalty value. In our experiment, we find that all the runs of PEBGLS-t and P-I-EBGLS end in 2 different globally optimal solutions, and the first globally optimal solution only has 2 different edges to the second one. Each globally optimal solution has 532 edges, so there are totally 534 different edges in the 2 globally optimal solutions. Obviously it is undesirable to increase the penalties on the 534 edges that belong to the 2 global optima. For each search process, we define a metric called ratio of undesirable penalties, which is the ratio between the total penalty on those 534 edges over the total penalty on all the edges of att532. Then we calculate the average ratio of undesirable penalties among all processes in all runs. Obviously, everything being equal, a lower ratio value means that the edges in the global optima are less likely to be penalized. Fig. 10 shows how the average ratio of undesirable penalties changes with the iteration number. In Fig. 10 , after the PEBGLS-t processes start cooperate with each other, their average ratio value becomes smaller than that of the P-I-EBGLS processes. This means that, sharing elite solutions among processes reduce the probability of penalizing the edges in the global optima. Hence the search processes in PEBGLS-t become more targeted and the probability of finding the global optima is increased. According to the "big valley" structure [57, 58] of the symmetric TSP, high-quality solutions are more likely to have more common edge with the global optima. Hence by reducing the penalties on the edges of the global optima, the PEBGLS-t processes have more chance to find highquality solutions so that their efficiency is improved. However, in Fig. 10 we also can see that, the difference between the 2 curves become smaller when the iteration number increases. It is because GLS only increases penalties on the local optima it finds. As illustrated in Fig. 9 , the PEBGLS-t processes find better local optima compared to the P-I-EBGLS processes. According to the big valley structure, the local optima found by PEBGLS-t have more common edges with the global optima than the local optima found by P-I-EBGLS. So the difficulty of PEBGLS-t not penalizing the edges of global optima increases. Hence the difference between the ratio value of PEBGLS-t and the ratio value of P-I-EBGLS becomes smaller as time goes by.
In a parallel trajectory-based metaheuristic, different processes search different regions of the solution space. If a process searches in a less-promising region, this process will contribute little to the global search. If there exists a moment, at which the current overall best solution is the one found by process A, we call process A the best-contributor. In our experiment, each run of PEBGLS-t/P-I-EBGLS has a certain number of best-contributors. Obviously the number of best-contributors reflects the number of "useful" search processes and the overall "activeness" of the search processes. Fig.  11 shows the number of runs which have the same best-contributor number. From Fig. 11 we can see that, PEBGLS-t has a higher best-contributor number than P-I-EBGLS. In fact, the average best-contributor number in PEBGLS-t is 10.56, and in P-I-EBGLS it is 7.74.
In addition, we define the leading time of a process as the sum of the time period in which it is the finder of the current overall best solution of all processes. We define the leading ratio of a process in a run as its leading time divided by the total time of the run. Obviously, we do not want a process to have a too large leading ratio in a run, because this means the performance of other processes is relatively poor. In each run of PEBGLS-t/P-I-EBGLS, we sort the processes from the largest leading ratio to the smallest leading ratio, and denote the sorted processes as {1st contributor, 2nd contributor, · · · }. Then we calculate the average leading ratio on each position among all the runs. Fig. 12 shows the resulting average leading ratio. In Fig. 12 , we can see that the leading ratio distribution of PEBGLS-t is more uniform than that of P-I-EBGLS. Compared to P-I-EBGLS, in PEBGLS-t the first 2 contributors have lower leading ratios and the rest contributors have higher Average leading ratio P-I-EBGLS PEBGLS-t Figure 12 : The average leading ratios of the sorted contributors leading ratios. So in PEBGLS-t the global search progress is not always leaded by few powerful processes. The other processes also have a relatively high opportunity to lead the global search progress. The results in Fig. 11 and Fig. 12 show that the processes of PEBGLS-t have more chance to find a new globally best solutions compared to the processes of P-I-EBGLS. In other words, the processes of PEBGLS-t are more active.
Comparison with the restart based parallel framework
Recall in Section 2 that a lot of parallel trajectory-based metaheuristics use a restart based framework, in which each process restarts from the received elite solutions. To compare the restart based parallel framework with the proposed parallel framework, we conduct an experiment in which 3 different parallel GLS algorithms are executed on the Tianhe-2 supercomputer. The first algorithm is PEBGLS-t which applies the proposed parallel framework. We design the second parallel algorithm by applying the restart based parallel framework to GLS. It is called Parallel Restart GLS with torus topology (P-R-GLS-t). P-R-GLS-t follows a torus neighborhood topology and executes multiple GLS processes simultaneously. In each process of P-R-GLS-t, there is no elite solution s e which navigates the search direction and the penalizing utility util is calculated by the original formula (3).
Every U iterations, each P-R-GLS-t process exchanges the historical best solution s hb with its neighbors and restarts from the best solution of the set S r ∪ {s hb }. The third parallel algorithm we design combines the proposed framework and the restart based framework, which is called Parallel Restart EBGLS with torus topology (P-R-EBGLS-t). In P-R-EBGLS-t, a torus neighborhood topology is constructed and multiple EBGLS processes are executed simultaneously. Every U iterations, each P-R-EBGLS-t process exchanges s hb with its neighbors and restarts from the best solution of the set S r ∪{s hb }. Meanwhile, each P-R-EBGLS-t process selects the second best solution of S r ∪ {s hb } as the elite solution s e . It uses the new formula (4) to calculate util, so that the search direction can be attracted by s e .
The experiment settings are the same as the settings in Section 6.4, in which the run number of each algorithm is 50 and the process number of each run is 48. For PEBGLS-t, U ∈ {1, 500, 1000}. For P-R-GLS-t and P-R-EBGLS-t, U ∈ {500, 1000} because when U = 1 the search processes will restart too frequently. Fig. 13 shows the best excesses got by each algorithm.
From Fig. 13 we can see that, PEBGLS-t gets the smallest excess data on rl5915 and pla7397. On rl11849, P-R-GLS-t and P-R-EBGLS-t both get smaller excess data compared to PEBGLS-t. To further compare the results, we conduct the Mann-Whitney U-test on the best result of each algorithm on each instance, as shown in Table 5 . Based on Table 5 , the Mann-Whitney U-test concludes that PEBGLS-t out-performs the other 2 algorithms on rl5915 and pla7397 with a 5% significance level. The Mann-Whitney U-test also conclude that the other 2 restart based algorithms both perform better than PEBGLS-t on rl11849. Based on these conclusions, we state that in some cases our proposed parallel framework can achieve better performance than the restart based framework. Our parallel framework is an effective framework which is comparable to some widely-used parallel frameworks.
Conclusion
Parallel metaheuristics can exploit the potential computation power of multi-processor system. This paper proposes a new framework to design the parallel variants of trajectory-based metaheuristics. The proposed parallel framework applies a distributed topology and an asynchronous communication strategy. More importantly, the proposed parallel framework employs a new cooperative method called elite-biased method, which is different from the widely-used cooperative methods including the restart based method and the path-relinking method. In the proposed framework, multiple search processes start from different initial solutions. After a predefined period of time, each process communicates with its neighbors to update the set formed by the current historical best solutions found by itself and its neighbors. Then the process selects the best solution in the set as the elite solution s e and its search direction will be attracted by s e . The proposed parallel framework has been used successfully to design a parallel tabu search algorithm called PEBTS [12] . In this paper, we design a parallel variant of GLS using the proposed parallel framework, called PEBGLS. We conduct systematic experiments on the Tianhe-2 supercomputer to test the performance of PEBGLS on symmetric TSP. By analyzing the experimental results, we conclude that:
• The elite-biased method can improve the performance of sequential GLS.
• PEBGLS can achieve a relatively high speedup compared to its sequential version. In some cases the speedup is superlinear.
• In PEBGLS, the elite-biased cooperative method improves the overall solution quality compared to the parallel case in which the processes do not cooperate with each other.
• PEBGLS can work with a relatively low communication frequency.
• The search processes in PEBGLS are more targeted and active compared to the independent processes. The number of overall useful processes is also higher.
• In some cases, PEBGLS out-performs the parallel GLS algorithms which use the restart based cooperative method.
According to the above results, we state that our proposed parallel framework is an effective framework just like the other widely-used frameworks in literature. Our work provides a new possible way to design the parallel trajectory-based metaheuristics.
